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Recently we investigated a role of non-magnetic disorder on the stability of a U(1) spin liquid
(U1SL) [cond-mat/0407151; Phys. Rev. B (R) accepted]. In the present paper we examine an effect
of the non-magnetic disorder on a doped U1SL. In a recent study [cond-mat/0408236] we have shown
that the doped U1SL shows deconfined massive spinon excitations in the superconducting phase as
a result of holon condensation. We find that the massive spinon is trapped by the non-magnetic
disorder. Owing to the localized spin the non-magnetic disorder acts as magnetic one.
PACS numbers: 74.20.Mn, 71.23.An, 73.43.Nq, 11.10.Kk
It is now believed that non-magnetic disorder induces
a local magnetic moment of S = 12 in underdoped
cuprates[1, 2, 3, 4, 5]. The localized moment is ex-
pected to result in a Curie-Weiss behavior of a mag-
netic susceptibility[1, 3, 5] and increase antiferromagnetic
correlations[2]. Despite of these successful descriptions
there exists controversy. Sachdev et al. claimed that
emergence of the local moment in a non-magnetic impu-
rity can be understood by confinement of a spinon in the
underdoped cuprates[4, 6]. But the previous studies[1, 3]
are based on a deconfinement phase which is described by
a slave particle mean field theory. It has been correctly
pointed out that in the slave boson mean field theories
strong gauge fluctuations mediating interactions between
the slave particles are not appropriately treated[7, 8].
Thus it is not clear that if strong gauge fluctuations
are appropriately treated, the conclusions in the previ-
ous studies[1, 3] are sustained. It is necessary to treat
both the gauge fluctuations and non-magnetic impurities
on equal footing.
Lastly Senthil et al. claimed that instanton excitations
originating from strong gauge fluctuations can be sup-
pressed by critical fluctuations of massless Dirac fermions
in the large flavor limit[9]. As a result an effective field
theory to describe a spin degree of freedom in the un-
derdoped cuprates is obtained to be QED3 in terms
of massless Dirac fermions (spinons carrying only spin
1
2 ) interacting via non-compact U(1) gauge fields[9, 10].
The state described by this critical field theory is usually
called a U(1) spin liquid (U1SL).
Recently we examined a role of non-magnetic disor-
der on the stability of the U1SL using a renormaliza-
tion group calculation[11]. In other words, we treated
both strong gauge fluctuations and non-magnetic impu-
rities on equal footing. In the study we found that the
U1SL remains stable against weak disorder. The IR fixed
point of QED3 to govern the U1SL is stable against the
presence of the weak non-magnetic disorder and thus the
U1SL is sustained. This shows that the massless Dirac
spinon is not localized by the weak disorder in the U1SL,
which is in contrast with the results of the slave particle
mean field theories[1, 3].
In the present paper we investigate an effect of the
non-magnetic disorder on a hole doped U1SL. Not only
strong gauge fluctuations and non-magnetic impurities
but also hole doping is treated on equal footing. Re-
cently we showed that hole doping to the U1SL can give
rise to serious change in the U1SL[12]. In the study we
claimed that condensation of holons (representing doped
holes) results in a fermion (spinon) zero mode in the pres-
ence of an instanton potential. As a result instanton ex-
citations are suppressed and thus deconfinement of the
spinons and holons are expected to occur. Further, in
the superconducting phase resulting from holon conden-
sation we found that the zero mode gives rise to a mass
to the Dirac fermion[12]. As a consequence the massive
spinons are deconfined in the underdoped superconduct-
ing state. We call this spin state a gapped U1SL. This
deconfinement mechanism is totally different from that
in the undoped U1SL. In the U1SL critical fluctua-
tions of the Dirac spinons are expected to suppress the
instanton excitations and thus the massless spinons are
deconfined[9, 10]. We find that the massive spinon in the
gapped U1SL is localized in the non-magnetic disorder in
contrast with the case of the gapless U1SL. In the criti-
cal U1SL the massless spinon remains delocalized even in
the presence of the weak disorder[11] as discussed above.
Owing to the localized spin the non-magnetic disorder
acts as magnetic one.
First we review a one dimensional hole doped Mott
insulator. Reviewing this, we can understand a role of
doped holes in a Mott insulator. Further, we will see
that doped holes in a two dimensional doped U1SL play
a similar role as the case of the one dimensional doped
Mott insulator. We consider the t − J Hamiltonian to
describe a doped Mott insulator
H = −t
N∑
i=1
(c†σicσi+1 + h.c.) + J
N∑
i=1
Si · Si+1. (1)
In the absence of hole doping hopping of electrons de-
noted by the first term is suppressed and thus the t− J
Hamiltonian is reduced to the Heisenberg Hamiltonian
describing a quantum antiferromagnetic spin chain. Low
energy physics of the quantum spin chain can be de-
scribed by a non-linear σ model with a Berry phase
term[13]. Utilizing CP 1 representation, one can repre-
sent the non-linear σ model in terms of bosonic spinons
2interacting via compact U(1) gauge fields in the pres-
ence of the Berry phase[13]. In the case of integer spin
the Berry phase is ignorable. Strong quantum fluc-
tuations originating from low dimensionality lead the
bosonic spinons to be massive[13]. The integer spin
chain becomes disordered. The massive spinons are con-
fined via a linearly increasing gauge potential in a dis-
tance which results from Maxwell kinetic energy of the
gauge field[14, 15]. As a consequence mesons (spinon-
antispinon bound states, here spin excitons) are expected
to appear[14, 15]. In the case of half-odd integer spin the
Berry phase plays a crucial role to cause destructive in-
terference between quantum fluctuations, thus weakening
quantum fluctuations. Owing to the Berry phase contri-
bution the half-odd integer spin chain is expected to be
ordered. But low dimensionality leads the system not to
be ordered but to be critical[13]. As a result the spinons
are massless[14, 15]. The massless spinons are expected
to be deconfined[15] because critical fluctuations of the
spinons can weaken gauge fluctuations via screening.
Now we consider hole doping to the spin chain.
Then hopping of doped holes is admitted. Shankar
showed that the doped holes are represented by massless
Dirac fermions and the fermionic holes interact with the
bosonic spinons via U(1) gauge fields[16]. A low energy
effective field theory is obtained to be[16]
S =
∫
d2x
[ 1
2g
|(∂µ − iaµ)zσ|2 +m2|zσ|2
+
u
2
(|zσ|2)2 − iSǫµν∂µaν
]
+
∫
d2x
[
ψ¯Aγµ(∂µ + iaµ)ψA + ψ¯Bγµ(∂µ − iaµ)ψB
]
.(2)
Here zσ is a bosonic spinon (spin) and ψA(B), a fermionic
holon (charge) in a sublattice A(B). The spinons and
holons interact via the compact U(1) gauge field aµ. g
−1
is a stiffness parameter, m2, a mass of the spinons, and
u, a strength of self-interaction[15]. A detailed derivation
is given by Ref. [16]. A key question is what an effect
of the massless Dirac fermions on spinon dynamics is.
The massless Dirac fermions are shown to kill the Berry
phase effect[17]. In order to see this we utilize a standard
bosonization method[16, 17]
ψ¯Aγµ∂µψA =
1
2
(∂µφA)
2, ψ¯Bγµ∂µψB =
1
2
(∂µφB)
2,
ψ¯AγµψA =
1√
π
ǫµν∂νφA, ψ¯BγµψB =
1√
π
ǫµν∂νφB.(3)
Here φA and φB are bosonic fields in each sublattice.
Inserting these into the above action Eq. (2), we obtain
S =
∫
d2x
[ 1
2g
|(∂µ − iaµ)zσ|2 +m2|zσ|2 + u
2
(|zσ|2)2
]
+
∫
d2x
[1
2
(∂µφ+)
2 +
1
2
(∂µφ−)2
+i
√
2
π
φ−ǫµν∂µaν − iSǫµν∂µaν
]
(4)
with φ+ =
1√
2
(φA + φB) and φ− = 1√2 (φA − φB). Shift-
ing the φ− field to φ− +
√
pi
2S, we can easily see that
the Berry phase term is wiped out from the action. Thus
half-odd integer spin chains are not distinguishable from
integer spin chains. The bosonic spinon in the doped
half-odd integer spin chain is expected to be massive like
that in the undoped integer spin chain. But the spinons
here are not confined in contrast with the case of integer
spin chains[16, 17]. Integrating over the φ− field, we find
that the U(1) gauge field becomes massive and thus it is
ignorable in the low energy limit. As a consequence the
massive spinons are deconfined. A U(1) spin liquid with
massive spinon excitations emerges in a doped antiferro-
magnetic spin chain. If we introduce an electromagnetic
field Aµ, we obtain a coupling term of i
√
2
pi
φ+ǫµν∂µAν .
Integrating over the φ+ field, we obtain a mass of the
electromagnetic field. This implies superconductivity in
the doped spin chain, which is consistent with the re-
sult of Shankar[16]. In summary, doped holes lead a spin
degree of freedom to be a gapped U1SL and a charge
degree of freedom to be superconducting. It should be
noted that this result is exact in the low energy limit[16].
As will be seen below, these roles of the doped holes in a
one dimensional Mott insulator are very similar to that
in a two dimensional one.
Now we investigate a role of non-magnetic disorder
in this massive U1SL. An impurity action is given by
Simp =
∫
d2xV (x)|zσ|2[18]. Here V (x) is a random po-
tential resulting from quenched disorder. The random
potential is random only in space but static in time, i.e.,
V (x) = V (r). We assume that V (r) is a gaussian ran-
dom potential with < V (r)V (r′) >= Wδ(r − r′) and
< V (r) >= 0. Integrating over the massive U(1) gauge
field aµ and using the standard replica trick to average
over the gaussian random potential, we obtain an effec-
tive action in the presence of non-magnetic disorder
Seff =
∫
drdτ
N∑
α=1
[ 1
2g
|∂µzσα|2 +m2|zσα|2 + u
2
(|zσα|2)2
]
−W
2
∫
drdτ1dτ2
N∑
α,β=1
|zσα(τ1)|2|zσβ(τ2)|2. (5)
Here α, β are replica indices and the limit N → 0 is to
be taken at the end. In the above a local current in-
teraction originating from integration over the massive
gauge field aµ is not explicitly taken into account be-
cause it is expected to be irrelevant (marginally) in the
low energy limit. From this effective action one can eas-
ily see a fate of the spinon. It is well known that the
non-magnetic disorder results in localization of massive
particles in (1 + 1)D[11, 19]. The spinon is trapped by
the disorder. The non-magnetic disorder is expected to
act as magnetic disorder owing to the trapped spinon.
Next we consider a two dimensional doped U1SL
which is suggested to describe physics of the pseudogap
phase[9, 10]. The problem of hole doping to the U1SL
3is examined in the context of a SU(2) slave boson theory
developed by Lee, Wen, and coworkers[20]. Following
Wen and Lee, we consider the staggered flux phase as
an ansatz for the pseudogap state. In the staggered flux
phase a spin degree of freedom is described by QED3 in
terms of the massless Dirac spinons interacting via com-
pact U(1) gauge fields. Doped holes are represented by
holons carrying only a charge degree of freedom[21]. In
the SU(2) slave boson theory the holons have two com-
ponents in association with the SU(2) symmetry[22]. An
effective Lagrangian for the holon field is given by a non-
linear σ model coupled to the spinons via the compact
U(1) gauge field[20]. The problem of hole doing to the
U1SL is investigated by an effective Lagrangian in the
staggered flux phase[12]
Z =
∫
DψαDzβDa
3
µe
− ∫ d3xL,
L = ψ¯αγµ(∂µδαβ − i
2
a3µτ
3
αβ)ψβ
+
1
2g
|(∂µδαβ − i
2
a3µτ
3
αβ)zβ |2 + V (zα)
+Gψ¯ατ
k
αβψβz
†
γτ
k
γδzδ +
1
2e2in
|∂ × a3|2. (6)
Here ψα is a 4 component massless Dirac fermion with
an isospin index α = 1, 2, and zα, a phase field of a
holon doublet[22]. V (zα) is an effective potential for easy
plane anisotropy, resulting from contributions of high en-
ergy fermions[12, 20]. g−1 ∼ x is a phase stiffness of the
holon field with hole concentration x, and G ∼ x, a cou-
pling constant between spinon and holon isospins. τk
acts on SU(2) isospin space. ein is an effective internal
gauge charge. The spinons and holons interact via not
only the gauge field a3µ but also their isospins. The cou-
pling between the spinon and holon isospins is expected
to result from gauge interactions mediated by the time
component of the SU(2) gauge fields[12]. Similar consid-
eration can be found in Ref. [20]. The kinetic energy of
the gauge field results from particle-hole excitations of
high energy quasiparticles. Utilizing this effective La-
grangian, recently we showed that antiferromagnetism
(AFM) can coexist with d − wave superconductivity
(dSC)[12]. The AFM results from the Dirac fermions
and the dSC, holon condensation. Holon condensation
is shown to result in a zero mode of a nodal fermion
(spinon) in a single instanton potential[12]. Thus instan-
ton excitations are suppressed. The coupling between the
spinon and holon isospins is very crucial for existence
of the zero mode. If the term is ignored, the fermion
zero mode is not found[24]. Since the coupling constant
G is proportional to hole concentration x, there exists
no fermion zero mode at half filling. Suppression of in-
stanton excitations resulting from the fermion zero mode
leads to deconfinement of the spinons and holons at T = 0
K in underdoped superconducting phase. Further, an in-
stanton in the presence of the fermion zero mode induces
a fermion mass[12]. The mass results in AFM [23, 24].
Thus the AFM of the nodal fermions is expected to co-
exist with the dSC in the underdoped cuprates. Despite
the coexistence the AFM has little effect on the dSC[12].
As a result a superconductor to insulator transition in the
underdoped region is found to fall in the XY universality
class consistent with experiments[25].
Now we derive an effective action for the massive Dirac
fermions as we do Eq. (5) in (1+1)D. Performing a stan-
dard duality transformation of the non-linear σ model for
the holon fields[12, 15], we obtain
S =
∫
d3x
[
|(∂µ − ic↑µ)Φ↑|2 + |(∂µ − ic↓µ)Φ↓|2
+V (|Φ↑|, |Φ↓|) + 1
2ρ
|∂ × c↑|2 + 1
2ρ
|∂ × c↓|2
+
1
2e2in
|∂ × a3|2 − i(∂ × a3)µ(c↑µ − c↓µ)
+ψ¯αγµ(∂µδαβ − i
2
a3µτ
3
αβ)ψβ +mψψ¯αψα
]
. (7)
Here Φ↑(↓) is a vortex field with isospin ↑ (↓) and c↑(↓)µ,
its corresponding vortex gauge field mediating interac-
tions between the vortices. V (|Φ↑|, |Φ↓|) is an effec-
tive potential including vortex mass and self-interactions.
ρ ∼ g−1 ∼ x originates from the phase stiffness with
the hole concentration x. mψ is a mass of the nodal
fermion. Suppression of instantons originating from the
fermion zero mode leads the U(1) gauge field a3µ to be
non-compact. In the superconducting state the vortex
fields are not condensed. As a result the vortex gauge
fields remain massless. Integrating over the massless vor-
tex gauge fields, we obtain a massive U(1) gauge field.
We note that in one dimension integration over the φ−
field results in the massive gauge field. Integrating over
the massive internal gauge field, we obtain an effective
action for the massive spinons which is essentially same
as Eq. (5) (in the absence of the disorder)
Seff =
∫
d3x
[
ψ¯αγµ∂µψα +mψψ¯αψα
]
. (8)
Here a local current interaction term 1
ρ
|ψ¯αγµψα|2 gen-
erated by integration over the massive gauge field is ir-
relevant in the low energy limit and thus can be safely
ignored. In summary, holon condensation in the doped
U1SL leads a spin degree of freedom to be a gapped
U1SL and a charge degree of freedom to be supercon-
ducting. This is essentially same as the one dimensional
case except the fact that the spinon is a fermion here
while it is a boson in one dimensional case.
Now we examine a role of the non-magnetic impurities
in the U(1) spin liquid with the massive spinons. An
impurity action is given by[11]
Simp =
∫
d3xV (x)ψ¯αγ0ψα. (9)
Here V (x) is a random potential as discussed in one di-
mension. It does not depend on time, i.e., V (x) = V (r).
4We also assume that V (r) is a gaussian random potential
with < V (r)V (r′) >=Wδ(r− r′) and < V (r) >= 0. Us-
ing the standard replica trick to average over the gaus-
sian random potential, we obtain an effective action in
the presence of the non-magnetic disorder
Seff =
∫
d2rdτ
M∑
k=1
[
ψ¯αkγµ∂µψαk +mψψ¯αkψαk
]
−W
2
∫
d2rdτ1dτ2
M∑
k,l=1
(ψ¯αkγ0ψαk)(τ1)(ψ¯αlγ0ψαl)(τ2).(10)
Here k, l are replica indices and the limit M → 0 is to
be taken at the end. This effective action is essentially
same as Eq. [5] except the fact that the spinons are
fermions here. It is well known that the massive Dirac
fermion is localized by the non-magnetic impurities in
(2 + 1)D[11]. The non-magnetic impurity is expected to
act as a magnetic impurity.
We believe that the localized magnetic moment is not
screened by other spinons. This is because the spinons
are massive and thus there are no density of states at the
Fermi energy. As a result the localized magnetic moment
is expected to act as a free spin. We think that this is
the origin to cause a Curie-Weiss behavior of a magnetic
susceptibility[1, 3, 5] and enhancement of antiferromag-
netic correlations[2]. But we admit that our conclusion
is based on T = 0 K calculation. It is not clear whether
our results hold at T 6= 0 K. This is because an instan-
ton effect is not clearly understood at finite temperature.
The role of non-magnetic disorder in a doped U1SL at
finite temperature is left for future study.
Hole doping to a Mott insulator leads a critical spin
liquid to a gapped spin liquid in both one and two di-
mensions. We examined the role of non-magnetic im-
purities in the gapped spin liquid. We showed that the
massive spinon is localized in the non-magnetic disorder.
The localized magnetic moment in the non-magnetic dis-
order is expected to explain the Curie-Weiss behavior of
a magnetic susceptibility[1, 3, 5].
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